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1. Introduction 



In the case of open strings, Mafra et al. constructed a set of building blocks from 
Pure Spinor string theory with nice and interesting properties. They are classified in terms 
of their BRST transformation rules, ghost numbers and the number of the external legs. 
In terms of these building blocks the authors of || are able to describe n-point amplitudes 
for SYM. These results can be achieved directly from the limit of string theory or 
from SYM Feynman diagrams computations 

Furthermore, a convenient decomposition of 4-, 5- and 6-point in SYM singles out some 
expressions (kinematical factors) , denoted by "n" , satisfying very useful algebraic relations 
known as BCJ ||. These relations have been derived from string theory by worldsheet 
methods (monodromy [ ]T^|ri| , |T2"|] ) and directly confirmed by SYM amplitude computations 
||. Finally, it is certainly convenient to implement those relations in terms of Mafra's 
building blocks. This has been done in || where, using again worldsheet computations of 
multi-leg massless external-state amplitudes, the appropriate combinations of those blocks 
have been discovered. 

Starting from a different approach, namely from direct computation of SYM ampli- 



tudes, some new building blocks, named "r", have been described in paper []13| . They 
satisfy new relations known as KK, discovered for QCD amplitudes in [13 1. The role of 
KK for r and BCJ for n is to reduce the number of independent building blocks to the 
correct number which, for a tree level p-point amplitude, is (p — 2)!. When one expresses 
the amplitudes in terms of building blocks fulfilling the KK relations, they turn out to 
obey also the BCJ relations (and consequently, the number of independent amplitudes is 
(p — 3)!). On the other side, if the building blocks obey the BCJ relations, the correspond- 
ing amplitudes satisfy the KK relations. It has also been pointed out by Bern et al., in the 
analysis of SYM amplitudes, that KK relations play a fundamental role in the finiteness 
of the theory and in the cancellations due to supersymmetry [IS|. 

Furthermore, Mafra et al. showed that some BCJ relations can be derived from BRST 
symmetry and, when the amplitudes are written in terms of those ingredients, they display 
the wanted symmetry properties. Here, we show that indeed all possible BCJ relations 
are found by using BRST symmetry. We explicitly check it on the 4-, 5- and 6-point 
amplitudes. 



In the same paper |13] , Bern et al. proposed a new formula for supergravity amplitudes 
based on the SYM building blocks, which has been used by two of the authors of the present 
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paper to derive the supergravity amplitudes for 4- and 5-point [p!q] . That formula uses 
the t's as follows: first they rewrite the open string amplitude A° pen (n) in terms of 
t^s by means of a relation between n's and r^'s, that is A° pen (n) — > A° pen (n(r^)) = 
Al (tl). Then this expression (thought as the left-mover part of closed string amplitudes) 
is paired up with the right-mover tr as Al (tl) tr and summed over the non-equivalent 
permutations of the external legs. 

To check if this procedure is correct, we adopt Mafra's point-of-view: the construction 
is based on the decomposition in terms of the building blocks and it has to respect the 
BRST symmetryE Therefore, we require the supergravity amplitude to be invariant under 
the left- and right-BRST symmetry. This can easily be checked, observing that the SYM 
amplitude is manifestly invariant under the left-BRST variations, which leave invariant 
the trs, used to construct the supergravity amplitudes. Vice-versa, the same is true if the 
specular construction, namely by taking the tl and A(tr), can be considered. Therefore, 
the main issue is to prove the equivalence of the two expressions or, differently said, to 
prove the expression for the amplitude to be symmetric under the exchange of chiralities. 



In the case of 4- and 5-point functions, this fact has been shown in ||16| , but in the case of 
6-point functions it turns out to be rather more difficult. Here, we review the computation 
of [[16| from a different perspective, we explicitly show that there is a suitable combination 
of Mafra's building blocks - which coincide with Bern's r's - that renders the supergravity 
amplitude symmetric in the exchange of chiralities. For the 6-point functions, we construct 
such a combination and show that our solution enjoys the needed symmetry requirements. 

The paper is organized as follows: in sec. 2, we briefly review the BCJ and KK 
relations. We show that all BCJ relations can be derived from the BRST symmetry. In 
particular, it is proven that the BRST exactness of some linear combinations of vertex 
operators - which, in turn, implies the vanishing of the corresponding amplitude - are 
directly linked to BCJ relations. In sec. 3, we discuss the relation between different types 
of building blocks, their symmetry properties and the relations they must fulfill. Finally, 
in sec. 4 we discuss the 6-point functions. In appendix A we present a compact form for 
the BRST transformations of the building blocks. 



4 As a matter of clearness, we underline that for BRST invariance of an amplitude, we mean 
the BRST invariance of the integrand before taking the projection onto physical states. 



2. BCJ, KK relations and Q-exactness 

Both KK and BCJ are induced by monodromy as shown in |ll|,|10[. In order to discuss 
this argument, let us consider a tree level n-point open string amplitude with U (N) gauge 
group 

A n oc tr (T h • • ■ T in ) A (ii, •••,««) + permutations , (2.1) 

where {T 1 } are the generators of U (N). The color ordered amplitudes A(i±, - • • , i n ) on 
the disk are written as an integral over n — 3 points (three points are fixed by SL (2,IR) 
invariance) and are characterized by different insertion's positions. As a consequence, 
deforming the contour of integration allows to write one A in terms of the others, weighted 
by functions of momenta. The reality of A implies that the imaginary part of the obtained 
equation is zero and its real part is equal to the original amplitude. Taking the field 
theory limit (a' — > 0), the former relation reconstructs the BCJ's, while the latter the 
KK's. These relations together with the invariance of ( |2.1| ) under cyclic permutations of 
the color indices, constrain the number of the A's to (n — 3)!. Notice that this is the 
minimum number of independent color ordered amplitude [ |TT| , |TT)| | . 

BCJ relations can be derived from BRST symmetry by observing the following fun- 
damental fact: any ghost-number 2 combination fi( 2 ) provides a suitable vertex operator 
satisfying 

(Qfi( 2) > = 0, (2.2) 

since the BRST charge acts on the invariant vacuum. Given an amplitude with n external 
legs, we can construct several examples of fi( 2 ). For example, in the case of 4-point we 
have ViTijk and TifT^i (here we use the notation of Mafra et al. where Vi stands for the 
unintegrated vertex operators and are the residue of the fusion rules between Vi and the 
integrand of the integrated vertex Uj); in the case of 5-point functions we have ViT^i and 
TijTkim and so on. Obviously, increasing the number of legs also the number of possible 
candidates for fi( 2 ) and that of possible relations increase. In the next sections, we study 
the relations for 4-, 5- and, finally, 6-point functions. 

2.1. 4-point Functions 

Let us define the building blocks: 



nij[ki] = (ViVjT k i) 
3 



(2.3) 



Due to their algebraic properties, they obey the following symmetries 



n>ji[ki] = —nij[kl] > n ij[lk] = ~ n ij[ki] > (2.4) 



immediately following from the definition ( |2.ij| ). On the other hand, if we consider the 
ghost number 2 quantity O^ 2 ^ = T^T^i, the Q-exactness implies 

= — (Q (TijT k i)) = n ij[kl] - n kl[ij] . (2.5) 

Sij 

Therefore, the symmetry of n's under the exchange of the couples of indices is not a 
consequence of the definition of n's, but relies on BRST invariance. Let us choose instead 
Q( 2 ) = V{Tjki- its Q-exactness, together with the fact that, for 4-point functions, Sijk = 0, 
gives 

= — (Q (ViTjki)) = -(V, (VjT kl + V k T tj + ViT jk )) , (2.6) 

Sjk 

leading to 

n ij[ki] + nik[ij] + n u[jk] = . (2.7) 

This relation is usually called BCJ relation and selects two independent n^^i] providing 
a basis for these amplitudes. 

2.2. 5-point Functions 

For the 5-point amplitude the building blocks are 



n 



[ij]k[lm] — (TijVkTi m ) , m[ij]kl m — (ViVjT k i m ) , (2.1 



notice that there are 15 independent n's and 15 independent m's that, by construction, 
have the following structural symmetries 

n [ji]k[lm] = — n [ij]k[lm] j n [ij]k[ml] = — n [ij}k[lm] j ^[lm]k[ij] = — n [ij]k[lm] (2-9) 
^[ji]klm 1Tl[ij]klm > ^[ij]lkm m [ij]klm 5 ^[ij]klm ~l~ ^[ij]lmk ^[ij]mkl 0- 

As in the case of 4-point amplitudes, there are 2 Q-exactness relations 

— (Q (TijTkim)} = , (2.10) 



(Q (VmTijki)) = , (2.11) 
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which lead to, respectively 



/ Ski \ &kl &kl 
—m[ij]klm + I 1 ) n [ij]m[kl] H n[ij]k[lm] n [ij]l[mk] = 0, (2.12) 

Sijkn[mk]l[ij] H ^[ii]/[mfc] + %Z]i[mfc] + n [U]j[mfc] J + ( 2 -13) 

Smk 

]k[ij] + s i;?' ( n {ij]k{lm} + n{jk]i{lm] + n [ki]j[lm]) + 

+Sijn>\jk]l[mi] H (™[mi]J[ifc] + n [rm]j[fcZ] + n {mi]k{lj]J + 

Smi 

Sij S ki / \ 

+ Sijn[mj]l[ik] H ^[tfe]/[mj] + n [fcZ]i[mj] + n[li]k[mj]) + 

Smj 

a?. 

Smk 

+ (sijk - s^) n[ij] m [M] + (n[ ik ] m [ji] + n[u] m [j k ]) = . 

The former relation states that m can always be written as linear combination of 
n's, while decoupling the latter according to the momentum factor, we determine the 9 
independent BCJ relations 



n [ij]k[lm] + n [jk]i[lm] + n[ki]j[lm] = . ( 2 -14) 



Notice that according to |TIJ, there might be additional solutions to eqs. ( |2.13| ) known as 



generalized BCJ relations. We have explored this possibility. 

2.3. 6-point Function 

The building blocks needed for the construction of the 6-point amplitude are the 
following 

n i[jk]lmn (ViT jk T lmn ) , (2.15) 

m , [ij]klmn (^^j'-^fcZmn) > 
[kl] [mn] {TijT k iT mn ^ . 

Now there are 3 different Q-exactness conditions 

(QViTjMmn) = , (2.16) 

{,QTijTklmn) , 
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from which we can deduce the following BCJ relations 

Tli[jk]lmn ^"n[lm]jki ; ^i[jk]lmn ^j[ki]lmn ^k[ij]lmn ) (2-17) 

[kl] [mn] ^l[mn\ijk ^k[mn]ijl i 
m>[mn]ijkl ^l[mn]ijk i 
Tl"n[ij]klm ^lm[ij]kln ^l[mn]ijk ^lk[mn]ijl 5 

that add to the ones given by the structure of the building blocks. Notice that due to the 
second and third equations in ( |2.15| ) the / and m blocks are not needed for the construction 
of the amplitudes. 

3. r's vs n's 

Here we discuss the relations between Mafra's bulding blocks (BB) and the new objects 
r, introduced in ||13|j , which appear to be the natural generalization of the form factors 
from SYM to Supergravity amplitudes. For n-point functions there is always a fundamental 
equation which relates n with r. This expression reads, for n = 4,5 and 6: 

n ij[kl] = T i[j[k,l]} = Tijkl — Tijlk — Tiklj + Tukj , (3.1) 

n>[ij]k[lm] = T i[j[k[l,m}]], (3.2) 
n i[jk]lmn = Tj[ k [i[n[l,m]]]]- (3-3) 

It should be noticed that the above definitions are fully compatible with the structural 
symmetries of the building blocks n, provided the r's are cyclic. To invert the above 
equations and get r = r(n) one can proceed as follows: first express the r's in terms of all 
the BBs 

r p = J>X, (3-4) 

provided that the cyclic symmetry of r is respected. The index / runs over the independent 
n's and p labels the number of external legs. The symmetries on r imply some conditions on 
the coefficients a 7 , but in order that the KK are satisfied one needs additional symmetries 
stemming from eq. (Qfl^) = 0. 
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Notice that for 5- and higher point functions there are additional elements. Actu- 
ally, we can define different types of BBs, namely m^kim and nry]j.[; m i for 5-point and 
ni[j k ]imn, ni{ij]kimn and i[y][fcz][ mn ] for 6-point, as discussed respectively in sec. 2.2 and 
2.3. Moreover, in these cases, some existing relations have been derived guaranteeing that 
the m's (respectively m's and Vs) are expressible in terms of n's. Therefore the latter 
are the only necessary ingredients for the r's. However, we can also reverse the argument 
proposing the following generic decomposition 

T = 5^«A W A> ( 3 - 5 ) 
I, A 

where A labels the BBs according to their operatorial structure, and I runs over the 
independent ones. By imposing the KK relations we found that the complete BCJ relations 
must be used in order to express the m's and Z's in terms of the n's. 

The reverse expression is apparently unique for 4- and 5-point, and have the form of 

njki = -^iPij[kl] + "fcifij]) ) (3-6) 



and 



Tijklm = — ^2 ( n [ij]k[lm]) ■ ( 3 - 7 ) 
cycle 



For 6-point an expression (supposedly not unique) has been guessed in fl3|| . The r's 
are cyclic on their indices and automatically satisfy KK relations if the n's possess their 
structural symmetries and satisfy BCJ's as discussed above. Moreover, the number of 
independent n's considering structural symmetries and BCJ's always match the number 
of independent r's surviving the KK relations, that is (n — 2)!. 



4. 6— point Closed Amplitude 



Here we extend the work presented in [T^], deriving the 6-point amplitude for closed 
string. Following the procedure proposed in [[Ol we have 



A 



zlosed 
P 



k 

" 2 



p-2 



5»k*(a) , 



(4.1) 



where a labels all non-equivalent permutations of the p indices, k is the gravitational 
coupling and A^ is a p-point color-ordered open amplitude. 



In [13], supergravity amplitudes are found using a set of BBs different from the one 
by Mafra, namely the r's. The amplitude is written formally as the sum over all non- 
equivalent permutations of the product of A° pen and r, where the former is to be intended 
left- and the latter right-moving. Expressing all the amplitudes in terms of r, it is easy 
to show that the expression is symmetric in the exchange of left- and right-movers, from 



which Q-invariance is deduced. This is the procedure used in |16[] . In this paper we propose 
a different way to build the amplitude and to show its Q-closure. Take for instance the 
4-point function: 

A ciosed = A° L p ™(n L )T* , (4.2) 

cr 

where 

y~yL ,y-^L [yyL L 

j^Open _ ij[kl] _|_ jk[U] ^ kl[ij] Kjjfc] ,^ ^ 

' Ski Sil $ij Sjk 

This expression is manifestly left-BRST invariant: indeed the r R are left invariant (since 
they are not touched by Qi) and A° p ^ n (n L ) are manifestly Ql invariant: 

Q A ?jir = —Q n ij[ki] + —Qn jk [ii] + —Qn k i[ij] + —Qnutfk] = ■ ( 4 - 4 ) 

Ski Sli °ij 8jk 

Now, we compute the complete expression for A closed by summing over the 6 independent 
permutations 

j^Closed _ I W^J _|_ J K 1"1 _|_ reiq»j] _|_ "LJ^J | r H^j [ _ ^ £j 




T R + 

r iZjfc + 



ilkj ' 



It is easy to see that, collecting the different poles, we end up with expressions characterized 
by the same n L in front, multiplying a linear combination of r fl 's 

/.Closed _ U ij[kl] ^R H tk[lj] ^R H il[jk] ^R , s 

, H[Jk] „R n ik[lj] ^ R %M_R 

+ ~TT T i[l\JM + ~^~ T i[k[l,j]] + —— T *[j[kA] ' 
°il a ik °ij 

then we identify that combination with n R 

n ij[ki] = T i[j[k,i]] ( 4 - 7 ) 

Doing so, we actually require the symmetry in the exchange of left and right. Finally, 
rewriting the closed string amplitude as 

A CloSed = J2 T a A R >P a n ^ ( 48 ) 
a 

we can apply the right-BRST charge and, while r L is left untouched by Qr, is 
manifestly invariant. We can thus conclude that A CLosed is Q-invariant. Notice that the 
above combination of r's satisfies the BCJ relations, as we explicitly checked. This is 
a consequence of the request that the r's must satisfy KK relations, but a more precise 
statement is needed: if the r's fulfill the KK relations, there are exactly (n— 2)! independent 
building blocks. On the other side, if the n's satisfy the BCJ, they also are expressed in 
terms of (n — 2)! building blocks. Thus, the precise statement is that the relation between 
r's and n's is a one-by-one correspondence if and only if both of them satisfy the respective 
identities. Swapping between r's and n's is allowed only if the number of independent 
building blocks is the same. 

Let us now consider 5-point amplitudes. 

A Open = n [ij]k[lm] + n [jk }l[ m i} + W[fcj]m[g] + ^m]^fc] + W[mjj[fcj] ^ ^ 

SijSlm SjkSim Skl$ij ^Im^jk ^im^kl 

Applying the same technique the following result for closed amplitude is found 

A Closed _ n [ij]k[lm] ^R "|#H R , n [im]k[jl] _R 1 ^ 

A ~ ~T~~7 HiWMW + "TTT T i[i[k[m,j]]] + T i[m[k\j,i]]] + 

a i]°lm a il a jm °im°]l 

. n [jk]l[mi]R , n [jm]l[ik] R , n [ji]l[km]R 



, T j[k[i[m,i]]] + T j[ m [i[i,k]]} + ~t~t: T Mi[k, m ]}] + 

°jk°im vjm&ik a ij°km 



, n [kl]m[ij] „R , n [ki]m[jl\ ^ R n [kj] m [li] ^ R 

+ T k[l[m[i,j]]] + — — T mm[j,l]]] + — — T k[j[ m [l,i]]] + 

'^kl^ij BikBjI ]k°il 

, n [lm]i\jk] ^ R n [lj]i[km] ^ R n [lk}i[mj] ^ R 

+ T l[m[i[j,k]]] + T l[j[i[k,m]]] + ~T77. T l[k[i[mJ]]] + 

Lm°jk ^Ij^km lk°jm 

r^yL *ji / y\i^ J 

i [mi]j[kl] ^ji [mk]j[U] ^ R [ml]j[ik] ^ R 

+ s . Sj; T m[i[j[fc,Z]]] + T m[*[?M]] + s T m[Z[j[i,fc]]] > 

^mi^kl °mk^il TfU°%K 



from which it is natural to identify 

T i[j[k[l,m,]}] = n [ij]fc[frn] 7 (4-11) 

and again the closed amplitude is Q-invariant by left / right symmetry. 

Let us now turn our attention to the case of 6 external legs. First of all we recall the 
the open string 6-point amplitude proposed by Mafra 

j^Open / I T-ijkT-lm^n 1 T-ijkT-mn^l 1 T-jki^-lmVn ^ 1 T-jki^ran^l ^ \2,) 

2 SijkSl m Sij 2 Sijk,S mn Sij 2 SijkSl m S jk 2 SijkS mn S jk 

H — fc; m "" + cyclic (ijklmn)} , 

3 SijSklS mn 

which in terms of our BBs it becomes 



j^Open 1 'H'l['mn]ijk ^ 1 Tln[lm]jki 1 ^l[mn]jki 1 Tln[lm]ijk ^ ^. 13) 

2 SijkSijS mn 2 SijfcS jk^lm 2 SijfcS jk^mn 2 SijfcSij Sl m 

H bj] [ fcZ l [ mn l _|_ C y C ii c (ijklmn) . 

3 Sij SklS mn 

Computing ( |4.1| ) and applying the strategy above explained, we find that the rt's are always 
multiplied by the same linear function of r's 

n ijklmn (jj[k[i[n[l,m\]]]) ■ (4-14) 

Notice that the Z's are multiplied by combination of r's which is compatible with ( |2.17| ) 
and ( [4.14| ). To have L/R symmetry satisfied, we then define 

n f[jk]lmn = T j[k[i[n[l,m]]]] ■ (4-15) 

The 6-point amplitude for closed string is then closed under the action of Q — Q L + Q R . 
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Let us discuss in more detail the computation which leads to ( f4.15|) . Starting from 

(0) 

A ciosed = A° L ^ n {n L )r^ , (4.16) 

a 

we write explicitly A® pen as in ( f4.13|) , 

-I- l[mn]ijk ^ -l n[lm]jki _ -I- l[mn]jki _ -I- n[lm]ijk ^ ^ 
2 SijfcSij S mn 2 SijfcS jk^lm 2 SijfcS jk^mn 2 SijfcSij Sl m 

m[ni]jkl J- i[mn]klj J- m[ni]klj J- i[mn]jkl 

2 ■Sjfc/Sj/ c S n j 2 SjkiSkiSmn 2 S j j^i S j^i S n i 2 SjkiSjkS mn 

1 ri,[ij ] fcim 1 ^j[ni]lmk 1 ^nJij'JZmfc 1 ^j[ni]klm 

2 ■S/ c / m S/ c /Sjj 2 Ski m Sl m Sni 2 SfcZm^Zm'Sij 2 Sfc; m Sfc;S n j 

^ 1 ^iljkjlmn 1 ^k[ij]mnl 1 ^ i[j k]mnl 1 ^k[ij]lmn 

2 SlmnSlmSjk 2 SlmnSmnSij 2 Sl rnn S rnn Sjl t 2 Sl mn Sl m Sij 

^ 1 ^j[kl]mni 1 ^l[jk]nim 1 ^j[fcZ]nim 1 ^lljkjmni 

2 Smni'^mn^kl 2 S mn iS n iSjl i: 2 Sjjn^iS^Sj^l 2 S mn jS mn S j'fc 

^ 1 ^fc[im]nij 1 ^m[kl]ijn 1 ^k[lm]ijn 1 ^mlkljnij 

2 Snij Sni^lm 2 S n {j S^j S hi 2 S n ij Sij Si m 2 S n ij S n ^S 

l^MH 1 ^fc][lm][m] 1 V][ron][i?] 

1 q Q Q 

" SijSklSmn <J ^jk'^lm'^ni " ^kl^mn^ij 



1 l[lm][ni]\jk] 1 l[mn][ij][kl] l\ni]\jk][h 



.R 



q q q ) ^~ijklmn 

•5 SlmSniSjk " SmnSij $kl " ^ni^jk^lr 

Using (|2.17| ) to write / as function of n and summing over all the 120 inequivalent per- 
mutations a of the 6 indices (i.e. fixing for example the first index and permutating the 
others) we obtain the following handy expression 



^czosed _ ^ ^_^ n ^. fc]Jmn (r/f fc[i[n[Iim]]]] ) + (4.18) 

+ 2 «,..«,,,«, ( n Smn]ijfc ~ n fc[mn]iji) ( T m[n[Z[fc[i, j]]]] ~ r m[n[fc[Z[i, j]]]]) > 

where /3 is the set of the different strings (made with z, j, fc, /, m, n indices) which gives rise 
to independent structures in the poles. For 6 external legs, without considering momentum 
conservation, there are 180 independent pole structures for n and 15 for L 
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As we have already said, to have Q-closure we impose 



l i[jk]lmn ~ 1 j[k[i[n[l,m]]]] ' 



(4.19) 



and with this definition we write the the 6-point closed amplitude 



A Cl ° Sed - - ^ - - — n i[jk]lmn n i i [jk}lmn+ ( 4 ' 2 °) 



+2 ( n/L-i.-^ -n L * U ■■ " 



l[mn]ijk n k[mn\ijl) \"'l[mn]ijk u k[mn]ijl I ' 

which is clearly L/R symmetric and thus Q-invariant. 
5. Conclusions 

We discuss the relations between different building blocks emerging in the construction 
of SYM and supergravity amplitudes. We discuss the role of the KK and of the BCJ 
relations and how they can be derived from the BRST symmetry. Finally, we discuss the 
decomposition of the of the 6-point supergravity amplitude and its BRST invariance. A 
future endeavor will be the comparison of the final expression with the tree level amplitudes 
in the literature. That amounts to compute the pure spinor correlation functions explicitly 
and it will be published somewhere else. 
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Appendix A. B algebra 

As discussed in 0, instead of the buliding blocks Vi,Tij,Tijk : it is sometimes 

convenient to use the new objects Aii, Aiij, Mijk, which are related to the first ones 

by simple redefinitions and linear combinations. The advantage of this translation is the 
simplification of the BRST transformation rules which become 

QMi = , QMij = MiMj , QMijk = MijM k + MiM jk , ... (A.l) 
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In order to deal with the complete set of these equations it is convenient to introduce 
the follwing combination: given auxiliary variables which are multiplied tensorially as 
C <8> ' ® i k . . ., we can introduce the field 

$ = ?Mi + C ® &Mij + C ® e ® ^ M yfc + ■ • • • (A.2) 

Assuming that the new variables are inert under the BRST transformation rules, we have 

Q$ = $®$. (A.3) 

which has a very suggestive form. It can be easily verified that, by picking each term from 
both side of the equation with the same power of £'s, one reproduces eqs. ( |A.1|) . Notice 
that the field $ is anticommuting (since we assigned bosonic statistic to £'s) and therefore 
it is easy to check the nilpotency of Q consistently with the above equation. 
At this point, one can introduce a new operator B which has the property 

{B,Q}=(1-Tl =0 ), (A.4) 

where T} =0 is the Taylor expansion of a polynomial of £'s around £ = 0. The second term 
on the r.h.s. it is needed to show that the BRST on the space of the building blocks has 
no cohomology. Acting directly with the operator B on the tensor product of two fields 
it yields 

B($ ® $) = BQ$ = (1 - T£ =0 )$ - QB$ , (A.5) 
and, imposing the choice £>$ = 0, we get 

B($ ® $) = (1 - T e=0 )$ . (A.6) 

The operator B is not a derivation, otherwise the above equation would have implied that 
the r.h.s. vanishes. By expanding the above equation, we get the interesting results 

B(M l M J ) = Mij , B{MijM k + M l M jk ) = M ijk , (A.7) 

B(M ijk Mi + MijM k i + MiMjki) = M ijk i , 

It is still obscure how the new operator B should act on tensor product of 3 or more $. 
For example we may have that 

B($ <8> $ ® $) = (1 - T ?=0 )$ ® $ - $ ® (1 - T e=0 )$ , (A.8) 

where the operator B has been supposed to act on consequent pairs of fields $. This is 
only a preliminary analysis, but in our opinion there should be an operator B acting on 
the algebra on building blocks implementing the famous S-field. 
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